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connected and simply connected MD5-groups such that their MD5-
algebras G have the derived ideal G1 := [G,G] ≡ R3. We shall de-
scribe the geometry of K-orbits of these MD5-groups. The foliations
formed by K-orbits of maximal dimension of these MD5-groups and
their measurability are also presented in the paper.
Introduction
It is well known that the Kirillov’s method of orbits (see [3]) plays the most
important in the theory of representations of Lie groups. By this method, we
can obtain all the unitary irreducible representations of solvable and simply
connected Lie groups. The importance of Kirillov’s method of orbits is the
co-adjoint representation (K-representation). Therefore, it is meaningful to
study the K-representation in the theory of representations of solvable Lie
groups.
The structure of solvable Lie groups and Lie algebras is not to com-
plicated, although the complete classification of them is unresolved up to
now. In 1980, studying the Kirillov’s method of orbits, D. N. Diep (see [2],
[6])introduced the class of Lie groups and Lie algebras MD. Let G be an
n-dimensional Lie group. It is called an MDn-group(see [2], [6]), iff its orbits
in the co-adjoint representation (K-orbits) are orbits of dimension zero or
maximal dimension. The corresponding Lie algebra are called MDn-algebra.
It is worth noticing that, for each connected MDn-group, the family of all
K-orbits of maximal dimension formes a foliation. Therefore, we can combine
the study of MDn-algebras and MDn-groups with the method of Connes (see
[1]) in the theory of foliations and operator algebras.
All MD4-algebras were first listed by D.V Tra in 1984 (see [7]) and then
classified up to an isomorphism by the first author in 1990 (see [10], [11]). The
description of the geometry of K-orbits of all indecomposable MD4-groups,
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the topological classification of foliations formed by K-orbits of maximal di-
mension and the characterization of C*-algebras associated to these foliations
by the method of K-functors were also given by the first author in 1990 (see
[8], [9], [10], [11]). In 2001, Nguyen Viet Hai (see [3]) introduced deformation
quantization on K-orbits of MD4-groups and obtained all representations of
MD4-groups. Until now, no complete classification of MDn-algebras with
n ≥ 5 is known.
Recently, the first author continued study MD5-groups and MD5-algebras
G in cases G1 := [G,G] ≡Rk; k = 1, 2. (see [13], [14]). In the present paper we
concern with a similar problem for different MD5-groups and MD5-algebras
G in the case G1 ≡ R3. We begin our discussion in Section 2 by repeating
this subclass of MD5-algebras which is listed in [15] by the first author.
Section 3 is devoted to the geometric description of K-orbits of MD5-groups
corresponding to these MD5-algebras and a discussion of the foliations formed
by their maximal dimensional K-orbits. At first, we recall in Section 1 some
preliminary results and notations which will be used later. For details we
refer the reader to References [1], [2], [4].
1 Preliminaries
1.1 The co-adjoint Representation and K-orbits of a
Lie Group
Let G be a Lie group. We denote by G the Lie algebra of G and by G∗ the
dual space of G. To each element g of G we associate an automorphism
A(g) : G −→ G
x 7−→ A(g)(x) : = gxg
−1.
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(which is called the internal automorphism associated to g). A(g) induces the
tangent map
A(g)∗ : G −→ G
X 7−→ A(g)∗(X) : =
d
dt
[g.exp(tX)g−1] |t=0 .
Definition 1.1.1. The action
Ad : G −→ Aut(G)
g 7−→ Ad(g) : = A(g)∗
is called the adjoint representation of G in G.
Definition 1.1.2. The action
K : G −→ Aut(G∗)
g 7−→ K(g)
such that
〈K(g)F,X〉 : = 〈F,Ad(g
−1)X〉; (F ∈ G∗, X ∈ G)
is called the co-adjoint representation of G in G∗.
Definition 1.1.3. Each orbit of the co-adjoint representation of G is called
a K-orbit. The dimension of a K-orbit of G is always even.
1.2 Foliations and Measurable Foliations
Let V be a smooth manifold. We denote by TV its tangent bundle, so that
for each x ∈ V, TxV is the tangent space of V at x.
Definition 1.2.1. A smooth subbundle F of TV is called integrable iff the
following condition is satisfied: every x from V is contained in a submanifold
W of V such that Tp(W) = Fp (∀p ∈ W).
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Definition 1.2.2. A foliation (V, F ) is given by a smooth manifold V and
an integrable subbundle F of TV. Then, V is called the foliated manifold and
F is called the subbundle defining the foliation.
Definition 1.2.3. The leaves of the foliation (V, F) are the maximal con-
nected submanifolds L of V with Tx(L) = Fx (∀x ∈ L).
The set of leaves with the quotient topology is denoted by V/F and called
the space of leaves of (V, F). It is a fairly untractable topological space.
The partition of V in leaves :V =
⋃
α∈V/F Lα is characterized geometrically
by the following local triviality: Every x ∈ V has a system of local coordinates
{U ; x1, x2, ..., xn}(x ∈ U ;n = dimF) so that for any leaf L with L∩ U 6= ∅ ,
each connected component of L ∩ U (which is called a plaque of the leaf L)
is given by the equations
xk+1 = c1, xk+2 = c2, ... , xn = cn−k; k = dimF
where c1, c2, ..., cn−k are constants (depending on each plaque). Such a system
{U, x1, x2, ..., xn} is called a foliation chart.
A foliation can be given by a partition of V in a family C of its subman-
ifolds such that each L ∈ C is a maximal connected integral submanifold of
some integrable subbundle F of TV. Then C is the family of leaves of the
foliation (V, F). Sometimes C is identified with F and we will say that (V,
F) is formed by C.
Definition 1.2.4. A submanifold N of the foliated manifold V is called a
transversal iff TxV = TxN ⊕ Fx(∀x ∈ N). Thus, dimN = n - dimF =
codimF .
A Borel subset B of V such that B∩L is countable for any leaf L is called
a Borel transversal to (V,F).
Definition 1.2.5. A transverse measure Λ for the foliation (V,F) is σ -
additive map B 7→ Λ (B) from the set of all Borel transversals to [0, +∞]
such that the following conditions are satisfied :
5
(i) If ψ : B1 → B2 is a Borel bijection and ψ(x) is on the leaf of any
x∈ B1, then Λ(B1) = Λ(B2).
(ii) Λ(K) < +∞ if K is any compact subset of a smooth transversal
submanifold of V.
By a measurable foliation we mean a foliation (V,F) equipped with some
transverse measure Λ.
Let (V,F) be a foliation with F is oriented. Then the complement of
zero section of the bundle Λk(F) (k = dimF) has two components Λk(F)−
and Λk(F)+.
Let µ be a measure on V and {U, x1, x2, ..., xn} be a foliation chart of
(V,F). Then U can be identified with the direct product N × Π of some
smooth transversal submanifold N of V and a some plaque Π. The restriction
of µ on U ≡ N × Π becomes the product µN × µΠ of measures µN and µΠ
respectively.
Let X ∈ C∞
(
Λk(F)
)+
be a smooth k-vector field and µX be the measure
on each leaf L determined by the volume element X.
Definition 1.2.6. The measure µ is called X-invariant iff µX is proportional
to µΠ for an arbitrary foliation chart {U, x
1, x2, ..., xn}.
Let (X, µ), (Y, ν) be two pairs where X,Y ∈ C∞
(
Λk(F)
)+
and µ, ν are
measures on V such that µ is X-invariant, ν is Y-invariant.
Definition 1.2.7. ( X, µ ), ( Y, ν ) are equivalent iff Y = ϕ X and µ = ϕν
for some ϕ ∈ C∞(V ).
There is one bijective map between the set of transverse measures for
(V, F) and the one of equivalence classes of pairs (X, µ), where X ∈
C∞
(
Λk(F)
)+
and µ is a X-invariant measure on V.
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Thus, to prove that (V,F) is measurable, we only need choose some
suitable pair (X, µ) on V.
2 A Subclass of Indecomposable
MD5-Algebras and MD5-Groups
From now on, G will denote a connected simply-connected solvable Lie group
of dimension 5. The Lie algebra of G is denoted by G. We always choose a
fixed basis (X1, X2, X3, X4, X5) in G. Then Lie algebra G isomorphic toR
5 as
a real vector space. The notation G∗ will mean the dual space of G. Clearly
G∗ can be identified with R5 by fixing in it the basis (X∗1 , X
∗
2 , X
∗
3 , X
∗
4 , X
∗
5 )
dual to the basis (X1, X2, X3, X4, X5).
Recall that a group G is called a MD5-group iff its K-orbits are orbits of
dimension zero or maximal dimension. Then its Lie algebra is called MD5 -
algebra. Note that for any MDn - algebra G0 (0 < n < 5), the direct sum G
= G0 ⊕ R
5−n of G0 and the commutative Lie algebra R
5−n is a MD5-algebra.
It is called a decomposable MD5 - algebra, the study of which can be directly
reduced to the case of MDn - algebras with (0 < n < 5). Therefore, we will
restrict on the case of indecomposable MD5 - algebras.
2.1 List of Indecomposable
MD5 - Algebras and MD5 - Groups
For the sake of convenience, we shall continue using the first author’s no-
tations in [10], [11], [12], [15]. Specifically, we consider the set {G5,3,1(λ1,λ2),
G5,3,2(λ), G5,3,3(λ) G5,3,4, G5,3,5(λ), G5,3,6(λ), G5,3,7, G5,3,8(λ,ϕ)} of solvable Lie alge-
bras of dimension 5 which are listed by the first author in [15]. Each algebra
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G from this set has
G1 = [G,G] = R.X3 ⊕R.X4 ⊕R.X5 ≡ R
3; [X1, X2] = X3; adX1 = 0.
The operator adX2 ∈ End(G
1) ≡Mat(3,R) is given as follows:
1. G5,3,1(λ1,λ2) :
adX2 =


λ1 0 0
0 λ2 0
0 0 1

 ; λ1, λ2 ∈ R \ {1}, λ1 6= λ2 6= 0.
2. G5,3,2(λ) :
adX2 =


1 0 0
0 1 0
0 0 λ

 ; λ ∈ R \ {0, 1}.
3. G5,3,3(λ) :
adX2 =


λ 0 0
0 1 0
0 0 1

 ; λ ∈ R \ {1}.
4. G5,3,4 :
adX2 =


1 0 0
0 1 0
0 0 1

 .
5. G5,3,5(λ) :
adX2 =


λ 0 0
0 1 1
0 0 1

 ; λ ∈ R \ {1}.
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6. G5,3,6(λ) :
adX2 =


1 1 0
0 1 0
0 0 λ

 ; λ ∈ R \ {0, 1}.
7. G5,3,7 :
adX2 =


1 1 0
0 1 1
0 0 1

 .
8. G5,3,8(λ,ϕ) :
adX2 =


cosϕ −sinϕ 0
sinϕ cosϕ 0
0 0 λ

 ; λ ∈ R \ {0}, ϕ ∈ (0, pi).
So we obtain a set of connected and simply-connected solvable Lie groups cor-
responding to the set of Lie algebras listed above. For convenience, each such
Lie group is also denoted by the same indices as its Lie algebra. For example,
G5,3,6(λ) is the connected and simply-connected Lie group corresponding to
G5,3,6(λ).
2.2 Remarks
In [15], the first author proved that all of the Lie algebras and Lie groups as
were listed above are indecomposable MD5-algebras and MD5-groups. How-
ever, this assertion can be verified by the pictures of K-orbits of considered
Lie groups in the next section.
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3 The Main Results
3.1 The Geometry of K-orbits of considered Lie groups
Throughout this section, G will denote one of the groups G5,3,1(λ1,λ2), G5,3,2(λ),
G5,3,3(λ) G5,3,4, G5,3,5(λ), G5,3,6(λ), G5,3,7, G5,3,8(λ,ϕ), G for its Lie algebra,
G =< X1, X2, X3, X4, X5 >. G
∗ = < X∗1 , X
∗
2 , X
∗
3 , X
∗
4 , X
∗
5 >≡ R
5 is the
dual space of G, F = αX∗1 + βX
∗
2 + γX
∗
3 + δX
∗
4 + σX
∗
5 ≡ (α, β, γ, δ, σ) an
arbitrary element of G∗, and finally ΩF the K-orbit of G which contains F .
Proposition 3.1.1. If G = G5,3,1(λ1,λ2) then the picture of the K-orbits of G
be described as follows:
1. If γ = δ = σ = 0 then
ΩF = {F (α, β, 0, 0, 0)}.
(K-orbit of dimension zero).
2. If γ = δ = 0, σ 6= 0 then
ΩF = {F (α, y, 0, 0, s) : σs > 0}
(a part of 2-dimensional plane).
3. If γ = 0, δ 6= 0, σ = 0 then
ΩF = {F (α, y, 0, t, 0) : δt > 0}
(a part of 2-dimensional plane).
4. If γ = 0, δ 6= 0, σ 6= 0 then
ΩF = {F (α, y, 0, t, s) : t = δ(
s
σ
)λ2 , σs > 0}
(a 2-dimensional cylinder).
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5. If γ 6= 0, δ = σ = 0 then
ΩF = {F (x, y, z, 0, 0) : λ1x = λ1α + γ − z, γz > 0}
(a part of 2-dimensional plane).
6. If γ 6= 0, δ = 0, σ 6= 0 then
ΩF = {F (x, y, z, 0, s) : λ1x = λ1α + γ − z, λ1x = λ1α + γ(1− (
s
σ
)λ1),
σs > 0}
(a 2-dimensional cylinder).
7. If γ 6= 0, δ 6= 0, σ = 0 then
ΩF = {F (x, y, z, t, 0) : λ1x = λ1α + γ − z, λ1x = λ1α+ γ(1− (
t
δ
)
λ1
λ2 ),
δt > 0}
(a 2-dimensional cylinder).
8. If γ 6= 0, δ 6= 0, σ 6= 0 then
ΩF = {F (x, y, z, t, s) : λ1x = λ1α + γ − z, λ1x = λ1α + γ(1− (
s
σ
)λ1),
t = δ(
s
σ
)λ2 , σs > 0}
(a 2-dimensional cylinder).
Sketch of the proof of Propositions 3.1.1
For G, we denote the set {FU ∈ G
∗/U ∈ G} by ΩF (G), where FU is the
linear form on the Lie algebra G of G defined by
〈FU , A〉 = 〈F, exp(adU)(A)〉, A, U ∈ G.
Let U = a.X1 + b.X2 + c.X3 + d.X4 + f.X5 be an arbitrary of G; where
a, b, c, d, f ∈ R. Upon direct computation, we get :
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exp(adU) =


1 0 0 0 0
0 1 0 0 0
−
∑
∞
n=1
bnλ1
n−1
n!
(a− cλ1)
∑
∞
n=1
(bλ1)n−1
n!
ebλ1 0 0
0 −d
∑
∞
n=1
bn−1λ1
n
n!
0 ebλ2 0
0 −f
∑
∞
n=1
bn−1
n!
0 0 eb


.
Thus, FU is given as follows:
x = α− γ
∑
∞
n=1
bnλ1
n−1
n!
;
y = β + γ(a− cλ1)
∑
∞
n=1
(bλ1)n−1
n!
− δd
∑
∞
n=1
bn−1λ1
n
n!
− σf
∑
∞
n=1
bn−1
n!
;
z = γebλ1 ;
t = δebλ2 ;
s = σeb.
So ΩF (G) is described and the equation ΩF (G) = ΩF is verified by the
same method presented in [8], [10], and [12]. 
According to the method of the proof of Proposition 1, we get the follow-
ing results.
Proposition 3.1.2. If G = G5,3,2(λ) then the picture of the K-orbits of G be
described as follows:
1. If γ = δ = σ = 0 then
ΩF = {F (α, β, 0, 0, 0)}.
(K-orbit of dimension zero).
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2. If γ = δ = 0, σ 6= 0 then
ΩF = {F (α, y, 0, 0, s) : σs > 0}
(a part of 2-dimensional plane).
3. If γ = 0, δ 6= 0, σ = 0 then
ΩF = {F (α, y, 0, t, 0) : δt > 0}
(a part of 2-dimensional plane).
4. If γ = 0, δ 6= 0, σ 6= 0 then
ΩF = {F (α, y, 0, t, s) : s = σ(
t
δ
)λ, δt > 0}
(a 2-dimensional cylinder).
5. If γ 6= 0, δ = σ = 0 then
ΩF = {F (x, y, z, 0, 0) : x = α + γ − z, γz > 0}
(a part of 2-dimensional plane).
6. If γ 6= 0, δ = 0, σ 6= 0 then
ΩF = {F (x, y, z, 0, s) : x = α + γ − z, s = σ(
z
γ
)λ, γz > 0}
(a 2-dimensional cylinder).
7. If γ 6= 0, δ 6= 0, σ = 0 then
ΩF = {F (x, y, z, t, 0) : x = α + γ − z, x = α+ (1−
t
δ
)γ, δt > 0}
(a part of 2-dimensional plane).
8. If γ 6= 0, δ 6= 0, σ 6= 0 then
ΩF = {F (x, y, z, t, s) : x = α+γ−z, x = α+(1−
t
δ
)γ, s = σ(
t
δ
)λ, δt > 0}
(a 2-dimensional cylinder). 
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Proposition 3.1.3. If G = G5,3,3(λ) then the picture of the K-orbits of G be
described as follows:
1. If γ = δ = σ = 0 then
ΩF = {F (α, β, 0, 0, 0)}.
(K-orbit of dimension zero).
2. If γ = δ = 0, σ 6= 0 then
ΩF = {F (α, y, 0, 0, s) : σs > 0}
(a part of 2-dimensional plane).
3. If γ = 0, δ 6= 0, σ = 0 then
ΩF = {F (α, y, 0, t, 0) : δt > 0}
(a part of 2-dimensional plane).
4. If γ = 0, δ 6= 0, σ 6= 0 then
ΩF = {F (α, y, 0, t, s) : δs = σt, δt > 0}
(a 2-dimensional cylinder).
5. If γ 6= 0, δ = σ = 0 then
ΩF = {F (x, y, z, 0, 0) : λx = λα + γ − z, γz > 0}
(a part of 2-dimensional plane).
6. If γ 6= 0, δ = 0, σ 6= 0 then
ΩF = {F (x, y, z, 0, s) : λx = λα+γ−z, λx = λα+γ(1−(
s
σ
)λ), σs > 0}
(a 2-dimensional cylinder).
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7. If γ 6= 0, δ 6= 0, σ = 0 then
ΩF = {F (x, y, z, t, 0) : λx = λα+ γ − z, z = γ(
t
δ
)λ, δt > 0}
(a 2-dimensional cylinder).
8. If γ 6= 0, δ 6= 0, σ 6= 0 then
ΩF = {F (x, y, z, t, s) : λx = λα + γ − z, λx = λα + γ(1− (
t
δ
)λ),
σt = δs, δt > 0}
(a 2-dimensional cylinder). 
Proposition 3.1.4. If G = G5,3,4 then the picture of the K-orbits of G be
described as follows:
1. If γ = δ = σ = 0 then
ΩF = {F (α, β, 0, 0, 0)}.
(K-orbit of dimension zero).
2. If γ = δ = 0, σ 6= 0 then
ΩF = {F (α, y, 0, 0, s) : σs > 0}
(a part of 2-dimensional plane).
3. If γ = 0, δ 6= 0, σ = 0 then
ΩF = {F (α, y, 0, t, 0) : δt > 0}
(a part of 2-dimensional plane).
4. If γ = 0, δ 6= 0, σ 6= 0 then
ΩF = {F (α, y, 0, t, s) : δs = σt, δt > 0}
(a part of 2-dimensional plane).
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5. If γ 6= 0, δ = σ = 0 then
ΩF = {F (x, y, z, 0, 0) : x = α + γ − z, γz > 0}
(a part of 2-dimensional plane).
6. If γ 6= 0, δ = 0, σ 6= 0 then
ΩF = {F (x, y, z, 0, s) : x = α + γ − z, x = α + γ(1−
s
σ
), σs > 0}
(a part of 2-dimensional plane).
7. If γ 6= 0, δ 6= 0, σ = 0 then
ΩF = {F (x, y, z, t, 0) : x = α + γ − z, z = γ
t
δ
, δt > 0}
(a part of 2-dimensional plane).
8. If γ 6= 0, δ 6= 0, σ 6= 0 then
ΩF = {F (x, y, z, t, s) : x = α+γ−z, x = α+γ(1−
s
σ
), σt = δs, δt > 0}
(a part of 2-dimensional plane). 
Proposition 3.1.5. If G = G5,3,5(λ) then the picture of the K-orbits of G be
described as follows:
1. If γ = δ = σ = 0 then
ΩF = {F (α, β, 0, 0, 0)}.
(K-orbit of dimension zero).
2. If γ = δ = 0, σ 6= 0 then
ΩF = {F (α, y, 0, 0, s) : σs > 0}
(a part of 2-dimensional plane).
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3. If γ = 0, δ 6= 0, σ = 0 then
ΩF = {F (α, y, 0, t, s) : s = tln
t
δ
, δt > 0}
(a 2-dimensional cylinder).
4. If γ = 0, δ 6= 0, σ 6= 0 then
ΩF = {F (α, y, 0, t, s) : s = σ
t
δ
+ tln
t
δ
, δt > 0}
(a 2-dimensional cylinder).
5. If γ 6= 0, δ = σ = 0 then
ΩF = {F (x, y, z, 0, 0) : λx = λα + γ − z, γz > 0}
(a part of 2-dimensional plane).
6. If γ 6= 0, δ = 0, σ 6= 0 then
ΩF = {F (x, y, z, 0, s) : λx = λα+γ−z, λx = λα+γ(1−(
s
σ
)λ), σs > 0}
(a 2-dimensional cylinder).
7. If γ 6= 0, δ 6= 0, σ = 0 then
ΩF = {F (x, y, z, t, s) : λx = λα + γ − z, z = γ(
t
δ
)λ, s = tln
t
δ
, δt > 0}
(a 2-dimensional cylinder).
8. If γ 6= 0, δ 6= 0, σ 6= 0 then
ΩF = {F (x, y, z, t, s) : λx = λα + γ − z, λy = λα + γ(1− (
t
δ
)λ),
s = σ
t
δ
+ tln
t
δ
, δt > 0}
(a 2-dimensional cylinder). 
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Proposition 3.1.6. If G = G5,3,6(λ) then the picture of the K-orbits of G be
described as follows:
1. If γ = δ = σ = 0 then
ΩF = {F (α, β, 0, 0, 0)}.
(K-orbit of dimension zero).
2. If γ = δ = 0, σ 6= 0 then
ΩF = {F (α, y, 0, 0, s) : σs > 0}
(a part of 2-dimensional plane).
3. If γ = 0, δ 6= 0, σ = 0 then
ΩF = {F (α, y, 0, t, 0) : δt > 0}
(a part of 2-dimensional plane).
4. If γ = 0, δ 6= 0, σ 6= 0 then
ΩF = {F (α, y, 0, t, s) : s = σ(
t
δ
)λ, δt > 0}
(a 2-dimensional cylinder).
5. If γ 6= 0, δ = σ = 0 then
ΩF = {F (x, y, z, t, 0) : x = α+ γ − z, t = zln
z
γ
, γz > 0}
(a 2-dimensional cylinder).
6. If γ 6= 0, δ = 0, σ 6= 0 then
ΩF = {F (x, y, z, t, s) : x = α + γ − z, t = zln
z
γ
, s = σ(
z
γ
)λ, σs > 0}
(a 2-dimensional cylinder).
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7. If γ 6= 0, δ 6= 0, σ = 0 then
ΩF = {F (x, y, z, t, 0) : x = α + γ − z, t = zln
z
γ
+ δ
z
γ
, γz > 0}
(a 2-dimensional cylinder).
8. If γ 6= 0, δ 6= 0, σ 6= 0 then
ΩF = {F (x, y, z, t, s) : x = α+γ−z, t = zln
z
γ
+δ
z
γ
, s = σ(
z
γ
)λ, γz > 0}
(a 2-dimensional cylinder). 
Proposition 3.1.7. If G = G(5,3,7) then the picture of the K-orbits of G be
described as follows:
1. If γ = δ = σ = 0 then
ΩF = {F (α, β, 0, 0, 0)}.
(K-orbit of dimension zero).
2. If γ = δ = 0, σ 6= 0 then
ΩF = {F (α, y, 0, 0, s) : σs > 0}
(a part of 2-dimensional plane).
3. If γ = 0, δ 6= 0, σ = 0 then
ΩF = {F (α, y, 0, t, s) : s = tln
t
δ
, δt > 0}
(a 2-dimensional cylinder).
4. If γ = 0, δ 6= 0, σ 6= 0 then
ΩF = {F (α, y, 0, t, s) : s = tln
t
δ
+ σ
t
δ
, δt > 0}
(a 2-dimensional cylinder).
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5. If γ 6= 0, δ = σ = 0 then
ΩF = {F (x, y, z, t, s) : x = α + γ − z, t = zln
z
γ
, s =
z
2
ln2
z
γ
, γz > 0}
(a 2-dimensional cylinder).
6. If γ 6= 0, δ = 0, σ 6= 0 then
ΩF = {F (x, y, z, t, s) : x = α+γ−z, t = zln
z
γ
, s =
z
2
ln2
z
γ
+σ
z
γ
, γz > 0}
(a 2-dimensional cylinder).
7. If γ 6= 0, δ 6= 0, σ = 0 then
ΩF = {F (x, y, z, t, s) : x = α + γ − z, t = zln
z
γ
+ δ
z
γ
,
s =
z
2
ln2
z
γ
+
δ
γ
zln
z
γ
, γz > 0}
(a 2-dimensional cylinder).
8. If γ 6= 0, δ 6= 0, σ 6= 0 then
ΩF = {F (x, y, z, t, s) : x = α + γ − z, t = zln
z
γ
+ δ
z
γ
,
s =
z
2
ln2
z
γ
+
δ
γ
zln
z
γ
+ σ
z
γ
, γz > 0}
(a 2-dimensional cylinder). 
Proposition 3.1.8. If G = G(5,3,8(λ,ϕ)) then the picture of the K-orbits of G
be described as follows:
1. If γ = δ = σ = 0 then
ΩF = {F (α, β, 0, 0, 0)}.
(K-orbit of dimension zero).
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2. If γ = δ = 0, σ 6= 0 then
ΩF = {F (α, y, 0, 0, s) : σs > 0}
(a part of 2-dimensional plane).
3. If γ2 + δ2 6= 0 then
ΩF = {F (x, y, z + it, s) = F (x, y, γe
be−iϕ + δebe
iϕ
, σeλb)}
(a 2-dimensional cylinder). 
3.2 Remark and Corollary
Note that if G is not G5,3,8(λ,ϕ) then G is exponential (see [5]). Hence ΩF =
ΩF (G).
For G5,3,8(λ,ϕ), the equation ΩF = ΩF (G) is verified by using [12, Lemma
II.1.5 ].
As an immediate consequence of above propositions we have the following
corollary.
Corollary 3.2.1. All of G5,3,1(λ1,λ2), G5,3,2(λ), G5,3,3(λ), G5,3,4, G5,3,5(λ),
G5,3,6(λ), G5,3,7, G5,3,8(λ,ϕ) are MD5-groups. 
3.3 MD5-Foliations Associated to
Considered MD5-Groups
Theorem 3.3.1. Let G ∈ { G5,3,1(λ1,λ2), G5,3,2(λ), G5,3,3(λ), G5,3,4, G5,3,5(λ),
G5,3,6(λ), G5,3,7, G5,3,8(λ,ϕ)}, FG be the family of all its K-orbits of maximal di-
mension and VG =
⋃
{Ω/Ω ∈ FG} . Then (VG, FG) is a measurable foliation
in the sense of Connes. We call it MD5-foliation associated to G.
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Sketch of the Proof of Theorem 3.3.1
The proof is analogous to the case of MD4-groups in [8], [10], [12] or the
first examples of MD5-group in [13], [14]. First, we need to define a smooth
tangent 2-vector field on the manifold VG such that each K-orbit Ω from
FG is a maximal connected integrable submanifold corresponding to it. As
the next step, we have to show that the Lebegues measure is invariant for
that 2-vector field. This steps can be complete by direct computations. We
therefore omit detail comutations of the proof. 
3.4 Concluding Remark
We conclude this paper with the following comments.
1. It should be note that the results of Propositions 3.1.1 - 3.1.8 and The-
orem 3.3.1 still hold for all indecomposable connected (no-simply connected)
MD5-groups correponding to above-mentioned MD5-algebras.
2. There are some interesting questions can be raised for further study.
That are giving the topological classification of considered MD5-foliations,
characterizing C∗-algebras associated to these foliations, constructing de-
formation quantization on K-orbits of considered MD5-groups to obtain all
representations of them, ... The authors will announce the new results of this
questions in the next papers.
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